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o: 

O ■ Abstract 

CN ■ 

a ; 

'"^ ! The one-loop vacuum polarization tensor is computed in QED with an external, con- 

"^ I stant, homogeneous magnetic field at finite temperature. The Schwinger proper-time formalism 

is used and the computations are done in Euclidian space. The well-known results are recovered 
"^ ■ when the temperature and/or the magnetic field are switched off and the effect of the magnetic 

T^ij- . field on the Debye screening is discussed. 

o: 

(N. 

§ : Introduction 

o: 

O ■ The question of djTiamical chiral symetry breaking in thermal QED with an external magnetic 

>-^ ■ field (magnetic catalysis) has been studied in the context of the electroweak transition [|I| 

JL , and also, with QED3 (in 2+1 dimensions), in the framework of effective descriptions of planar 

(D [ superconductors @,P|. Recent studies of the magnetic catalysis at zero temperature @] showed 

'^ I that it is essential to take into account the momentum dependence of the fermion self-energy 

_^ ■ since the dynamical mass given by the constant self-energy approximation proved to be too 

^ ■ small, by several orders of magnitude in the case of QED. These studies have been made with 

the analysis of the gap equation provided by the Schwinger-Dyson equation, where the photon 
propagator was truncated at the one-loop level. The polarization tensor in the presence of an 
external magnetic field was used in its lowest Landau level approximation, as was done in p. 
The study of the magnetic catalysis at finite temperature taking into account the momentum 
dependence of the fermion self-energy has been done in QED^ [Q but not in QED for which 
only the constant self-energy approximation has been done 0, |0]- With a study including the 
momentum dependence, we can still expect the critical temperature for the magnetic catalysis 
to be of the order of the dynamical mass found at zero temperature [^, but where the latter is 
given by a momentum-dependent analysis as was made in [Q. As a first step in this direction, 
we compute here the one-loop polarization tensor in finite temperature QED in the presence 
of a external, constant, homogeneous magnetic field. 

The computation will be done in Euclidian space, using the proper-time formalism intro- 
duced by Schwinger M which takes into account the complete interaction between the fermion 
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and the external, classical field. The same computation has been done at zero temperature 
in the paper |^ which will be often cited in the present article and the generalization to any 



external constant field is done in |T^, using the 'string-inspired' technique. We note that the 
derivation of the Heisenberg-Euler lagrangian has been done at finite temperature with the 
same formalism [O, as well as the generalization to any external constant electromagnetic 



field [12 



Section 1 will introduce the notations and recall the characteristics of fermions in an 
external magnetic field. Section 2 will be devoted to the computation of the 44-component of 
the polarization tensor: this presentation is chosen for the sake of clarity since the external 
environmement strongly breaks the symmetry between the Lorentz indices such that the com- 
putation is not straightforward. The technical details of the method will be explained and we 
will recover the well-known results in the limit where the temperature and/or the magnetic field 
go to zero. The other components will be computed in section 3 where the transversality of the 
polarization tensor will be checked. The section 4 will give the strong field approximation of the 
44-component of the polarization tensor, consitent with the lowest Landau level approximation. 
Finally, the conlusion will show the Debye screening obtained through these computations. 

1 Fermions in a constant magnetic field 

To fix our notations we shortly review here the characteristics of fermions in a external, constant, 
homogeneous magnetic field at zero temperature. 

The model we are going to consider is described by the Lagrangian density: 



n = - F^^F^'' + i^!D^-i^'^! - mmm, 



(1) 



where D^ = d^ + ieA^ + ieA^^^, A^ is the abelian quantum gauge field, F^^ its corresponding 
field strength, and A^^* describes the external magnetic field. We recall the usual definition 

— * 

We will choose the symmetric gauge for the external field [B is in the direction 3) 
for which we know from the work by Schwinger |H] that the fermion propagator is given by: 



(2) 



S{x,y) = e^^^''^riy)~S{x-y), (3) 

where the translational invariant propagator S has the following Fourier transform in the 
proper-time formalism: 



~S{p) 



X 



2 „2 „2 tan(|eB|a) 



rf3e-lP5-P3-n^^ 



^3^,3 



(pV - P 7 + m)(l + YT tan(|e5|s)) - p^7^(l + tan^(|e5|s)) 



(4) 



where p-^ = {p^,p^) is the transverse momentum and the same notation holds for the gamma 
matrices. 



Let us now turn to the finite temperature case. We will note the fermionic Matsubara 
modes a); = (2/ + l)7rT and the bosonic ones uJn = 2mrT. The translational invariant part 
of the bare fermion propagator reads in Euclidian space (po -^ ^^0 and with the substitution 
s — > —is: 

f°^ I -1 , 2 , 2 tanhfleSIs) , 2N 

Jo 

X (-cI^/7^-pV + ^)(l-«7S^tanh(|e5|s)) -p^7^(l-tanh^(|e5|s))] (5) 

where the Euclidian gamma matrices satisfy the anticommutation relation {7'^,7'^} = —25^'^, 
with yu, i^ = 1, 2, 3, 4 and p = (p±,P3). 

Finally, the one-loop polarization tensor is 

nr(fc) = -47raT /^ £ tr {7^5Kp)7'^^,_„(p - ^)} + Q'^'^l^:) (6) 

where Q'^'^, usually called the 'contact term', cancels the ultraviolet divergences and therefore 
does not depend on the temperature or on the magnetic field since these give finite effects. The 
addition of this contact term is equivalent to the addition of the counterterm (1 — Z^)F^^F^y/A 
in the original Lagrangian and the usual ultraviolet divergences appear in the proper-time 
formalism as singularities in s = 0, as will be seen in the next section. With this proper-time 
method, a cut-off < e < s provides a gauge invariant regularization which will be used in 
what follows. The limit e ^ will be taken after computing the contact term Q^'^ . 
We note that the A^^'*-dependent phase of the fermion propagator does not contribute to the 
polarization tensor since in coordinate space 

exp [le (xM-*(y) + y^Al-\x)) } = 1 (7) 



with the specific choice of gauge (0). If we choose another potential A^^*, it is shown in [jT2| 
that the change of gauge is equivalent to the introduction of a chemical potential. 

2 44-component 

With the expression (^ of the fermion propagator, we obtain for the 44-component of the 
polarization tensor after the integration over p 

■pr44/rx —2aT r dsda , , 

"^^"^^''' 'i v/^T^(tanh(|eS|s)+tanh(|e5|(T)) ^' 

E^ I tanhf \eB\s) tanhdeSlcr) r/r \ / ^ 9. , 9.\ , / i-i^\i sa i 2i 
-T^7 un PI ^ I ^ un pi \ -\(s-\-a)iujf -\-m^)-\-SUJn(uJn~2uJi)-\ n^fco 
p \eB\ tanh(|eS|s)+tanh(|eB|cT} i\ ' / \ I ' / ' "■ v "■ <■ / s-\-fT oJ 

^ = — OO 

■ tanh(|ei^|.)tanh(|ei?|.) _ ,^,i,(|,5|,))(i _ tanh(|eB|a)) 

^(tanh(|e5|s)+tanh(|eS|a))2^ ^' ' ^^^ ^' ' ^^ 

;i - tanh(|e5|s))(l - tanh(|e5|a)) 



-\eB\ 



tanh(|ei?|s) + tanh(|ei?|cr) 



sa ,2 



+ uJi{uJi -UJn) -m + - — ■ — —k^ - — — ■ — - (1 + tanh(|e5|s) tanh(|e5|o-)) 
V s + o") 2{s + a) I 



Q'\k) 



In finite temperature computations, one usually first does the summation over Matsubara modes 
and then the integration over momenta. In this formalism, what is important as we will see 
below is to do the summation over Matsubara modes before the integration over the proper- 
time parameters, when the cut-off is removed (i.e. £ — > 0). As in 0, we make the change of 
variable s = u{l — v)/2 and a = m(1 + v)/2 to obtain 



nf(A:) 



—aT, 



eB\ / du\/u dv y^e 



_|_ cosh u — cosh uv 
I eB\ 2sinhu 



-«[iif+m2 + (l-i,)(^„(a;„/2-iii) + ^-T^fc3] 



l=—oo 



X 



UJi[UJi -UJn) 



kn m coth-u 

4 ^ 2m / 



eB\ , r, cosh u — cosh uv 



sinh u 



2 sinh u 
where u = \eB\u. We make the integration by parts over u (we note (f){u) the exponent) 

Je sinh u Je \2u du J 

where we disregard the surface term [0]. We then obtain the final expression 



+ Q^\k) 



(9) 



—aT , 



'TT Je J~l 



l=—oo 



X 



where Wi 



k'i cosh uv — V coth u sinh uv 



1~V^ 



(10) 



sinh-u 



COthw - - 2Wf + VUnWi 



u 



~ /Co 



Q''{k) 



^i 



(l-^,) 



Un. We note for the purpose of consistency that the integrand in (|IU]) is 
an even function of the parameter v since Wi{—v) = —Wn-i-i{v) and therefore Yl,i e~^^i is even 
in f , which ensures the symmetry between the proper-times s and a. Thus it is important to 
perform the summation over Matsubara modes before doing the integrations over the proper- 
time parameters. Another reason to do the summation over Matsubara modes first is to avoid 
artificial divergences in the temperature-dependent part of the polarization tensor (which should 
be finite), as will be seen at the end of this section. 

Let us now determine the contact term Q^^(/c). Since it does not depend on the tem- 
perature or the magnetic field, it will be determined after taking the limit T — > and \eB\ —>■ 
of (p^Of ). If we set T = in (10), we recover the zero-temperature results given in since the 
substitutions Wi — > p4 and TJ2i^ (27r)~"'^ / dp4 lead to 



and therefore (a;„ — > k^) 



lim 



lim 



lim 



T E 



l=—oo 

oo 



1 
u 



2\fTm 



T Y. [^- 2W^n e"""^' = 

oo 

T Y. vu^Wie-^"^" = 



(11) 



i=— oo 



limnf(A;) 



-a\eB\ f^ 



T^O 



ill 



_|_ cosh tt — cosh uv 



du I dve T^ 2smh« 
e J-i 



-M m^+ 



2:l-v^n.2,l.2 



iki+kj)] 



k'' 



cosh uv — V coth M sinh uv 
sinh M 



+ A;^(l-t;^)cothM 



+ Q''(A;) 



(12) 



However it is important to keep a non zero fermion mass if we wish to recover this infrared 
hmit: we wiU see in the conclusion that if we set m = 0, nQ^(O) reaches a non-zero value in the 
limit T ^ 0. Thus we can commute the limit T — > and the integration over the proper-time 
u to find a consistent zero temperature result only if ?7i ^ 0, at least as long as \eB\ > 0. 
This condition is consistent since the magnetic catalysis generates a dynamical mass when the 
temperature is lower than the critical one, for any value of the gauge coupling, which has been 
proven at least for strong magnetic fields |^. Therefore if the fermion should be massless, 
the use of the dynamically generated mass nidyn instead of m = in (^), corresponding to a 
resummation of graphs for the fermion propagator, would lead us back to the massive case. 
Thus we will consider m 7^ in what follows. 

If we now wish to take the limit of zero magnetic field of (p!2D, we take u —* and obtain 



—a 



lim., nf(fc) = -i - 



du /•! 



dve 



-u\m + 



2 I l-ii' 1,21 



T^O,\eB\^0 '- " ' AtT Je U J -I 

where k"^ = k\ + k"^ . Then if we take the contact term 

a r°° du /"i 



{l~v')e + Q'\k) 



Q^\k) = ^l -I dve 

AtT Je U J-1 



2\i:2 



-{l-v')k 



(13) 



(14) 



we obtain finally when e ^ 



44/rx -" f°° du /■! 2n 



lim mVfc) = / — / dv(l - V 

T^O,\eB\^0 ^ ' AtT Jo U J-1 



-u[m?+^-^h?] _ -urn? 



a 



1-v' 



^J_Ml-v^)^nil+ ^^, 



e]P 



(15) 



which is a result obtained by standard methods [|13| with the Feynman parameter z = (1 + f )/2. 
To finish the comparison with results already established, let us take the zero magnetic 
field limit of (|T0|) . The limit u ^ leads to 



lim nf (fc) 

\eB\^0 " 



-aT r^ du r^ , ^ 
— i=r- / —= dv } e 

0F Js y^J-l ^^^ 



«[rn2+iy2+i^K+fc2)] 



X 



%{l-v^)-- + 2Wf-vu^Wi 
I u 



+ Q'\k) 



(16) 



For \eB\ = 0, we can take a massless fermion [m = 0) since there is no magnetic catalysis and 
the Debye screening is then given by 



M^^B\=o,m=o{T) = - Jim Ho {k)\\eB\=o = caT 



(17) 



with {e -^ 0) 



re 

Jo 



°o du 



l=—oo 



-«(2i+l)^ 



2(2/ + 1) 



To compute c, we use the Poisson resumination |II 



Ee 

l=—oo 



-a{l-z)^ 



n 



1/2 



Ee- 



- — 2J7r2i 



(19) 



which shows that it is essential to perforin the summation over Matsubara modes before doing 
the integration over the proper-time u to avoid the singularity / duu~^^'^ in (|T8|) since we obtain 



Ee 

l=—oo 



-w(2«+l)2 



2(2/ + 1) 



TC 



5/2 



2^5/2 



E(-i)'+i/V^ 



(20) 



i>i 



such that 



71 



.OoAo, ,1J1 Ifi /-OO I 1 V + 1 

3/ ^"^(_i)m;V'i^ = -/ dxxe-^Y. 



W 



«>1 



TT JO 



l>\ 



P 






(21) 



which gives the well known result for the one- loop Debye screening with massless fermions [14 



for which higher order corrections can be found in |]T5|. We note that we can commute the 
integration over the proper-time and the summation over the Matsubara modes after doing the 
Poisson resummation. 

Using again the Poisson resumation (p^, we can give another form of 11^^ (fc) which splits 



the temperature independent part from the temperature dependent one. A straightforward 
computation leads to 



K{k) = K{k) + K{k) 



(22) 



where 11° (fc) is the zero temperature part (|T^) (with k^ — > ujn) and ^^{k) the temperature 
dependent part 



lilik) = \eB\ / du / dve ^ ^smh^ «^™ + 4 K^+fcaW 

27r Jo J-i 



(23) 



x$:(-l)'e-3^ 



, 2 cosh uf — f coth li sinh iit> ^/^ 2\ i _ \ 7/ \ 

k I r^ h ft;3(l — f ) cothu COS7™/(l — V) 



sinhti 



cothn / /^ 



u 



uT^ 



cos7m/(l — v) — 27Tvnlsm7ml{l — f) 



where we took e ^ since the temperature dependent part is finite. We see again that after 
this Poisson resumation every term of the Masubara series gives a finite integration over the 
proper-time u. 



3 Other components and transversality 

We now compute the other components in a similar way and will give only the important steps. 
We first give the diagonal components of the polarization tensor which all need integrations by 
parts to lead to the good limit when T ^ 0. We set 



Mu,v) 



k^i cosh u — cosh uv 



2\eB\ 



sinh-u 



+ u 



m^ + W^+^—^{ul + kl) 



(24) 



Let us start with Il^[k): the same steps as the ones used for the computation of Ilf^{k) 
and the same integration by parts lead to 



Ufik) = -^\eB\ / du^ / dv J^ e~ 

VTT Je J-1 , __ 



X 



VUJnWi coth u + 



-(t>i{u,v) 
'^ -^-1 l=-oc 

k'i coshUf — f cothMsinhliv 



sinhw 



+ uj„ — - — coth u 



+ Q'\k) (25) 



The computation of n"(A;), i = 1,2 (without summation over i) is slightly different. 
After the integration over the loop momentum p, the change of variable s = u{l — v)/2 and 
a = u{l + v)/2 leads to 



n^(^) 



— -j^\eB\ / du\^ dv y^ e 
2kf — k"^, coshM — coshwf 



-(l>liu,v) 



coshwt; / 1 2 2 



2 smh u 



sinhw 

1 — f ^ coshUf 



4 sinh u 



2u 



I 



m 



Then we make the integration by parts over u 



rf^e-0i(«,«)^2 /^ 



^ye-<^i(«,^) /^ 



cosh uv 



sinhw 



cosh uv 
sinhw 



1 

2^ 



+ I eB I (v tanh uv — coth u) 



d_ 
du 



{M 



u,v) — ura 



followed by the intergation by parts over v 



(26) 



(27) 



-1 sinh-u 



— h \eB\ (f tanh-uf — coth-u) 
u 



^ , ^ („ oA V cosh uv — coth u sinh uv 
1 sinh-u 



UJnWi 



k'i sinhw-y 



2 sinh u 
where we again disregarded the surface terms. We finally obtain 



2^ 



kl) 



:28i 



Kik) 



aT roo 

'eB 



-K 



1 
-1 



du^/u I dv y^ e" 



-4>i{u,v) 



_sinh-uf 

coth U^^-, UJn Wi 



sinh-u 



,,9 , o, cosh -u — cosh -uf cu^ + /cq cosh -uf — f coth -u sinh -uf 
+ (kl - kj) —^ + " 3 



sinh u 



sinhw 



+ Q'\k) (29) 



Now let us go to the off-diagonal components of the polarization tensor. What differs 
from the diagonal components is that we do not make any integration by parts and we obtain 
directly the final results with the expected limit when T —>■ 0: 



Iif{k) = -^\eB\ du^ / dv V e-*'("'")A;3 

V^ J^ ^-1 l=-oo 



vWl H UOr, 



coi\iu + Q^\k) 



K\k) 



<^T > T^> f°° , ^ f 7 V^ -^.(vv)-, 1 COshw-COshMW „i2/,x 

\eB\ / duy/u dv 22 e '^'^"'"'''/ci/ca r^^ ^ Q (k) 

'IT Je J-1 , ^ sinh u 



1 oo 



IV^{k) = ^\eB\ / duy/^ dv T e 



-(j)liu,v) 



(30) 



l=—oc 



X Ki 



_sinh uv cUn cosh uv — v coth -u sinh uv 
Wi cothtt . , _ + 



sinhu 



sinhw 



+ Q'\k) 



^,-, ,,, aT , ^, f^ , /— f^ , ■^ J, /„„-, /cj/cs cosh Mf — t; coth M sinh -uf ^,q,,x 

^ Je J-1 j"^ 2 smhw 



where i = 1,2. It is easy to check that all the components of the polarization tensor give the 
results found in |p when T ^ 0. The contact terms are determined in the same way as Q'^'^{k) 
and can be summarised as 



Q^'ik) 



4:71 Js U J-l ^ ^ 



a 



oo fj^i „ , 

u ^ 



(31) 



as m 



It is important now to check the transversality of the polarization tensor, which is 
not obvious since II^'^ contains terms which are not explicitely proportional to any external 
momentum component. The contact term ( pT] ) is obviously transverse and with the expressions 
(0), (H), dl) and (ID, we obtain 



k^WX{k) = u^Utrik) + k,Ul^{k) + k^ll^ik) 

= 6 ^—=\eB\ / du\^coth.u / dv V" 
Vtt Je J-i i^^^ 



-<t>i{u,v) 



25'^^\eB 



^n ^-rr ( , , 9x sinhuf ,, 
— + Wi[ v{ul + kl) + — r^^i - 2unWi 
u \ smh u 

r^cothu f dv4- ( £ Wie-^'^^A 

Je v^ J-l dv l^,i-^ ) 



surface term 



(32) 



so that the polarization tensor is transverse, since the above sum is zero up to surface terms 
which are normally omitted in this formalism. 



4 Strong field approximation 

We give here the strong field approximation of the 44-component of the polarization tensor 
that can be used in a strong field study of the magnetic catalysis. 

The strong field asymptotic form of the fermion propagator (j^) can be found by taking 
the limit \eB\ — i> oo in the integrand, neglecting the shrinking region of integration where the 



product s\eB\ goes to zero [16|. We obtain then 



Slip) 






-ua 



p3^3 



ra 



i7"'"7^ 



zL ojn'^ + p^7^ 

\e.B\ 



ujf + pg + m^ 



27^7^ 



(33) 



which is the well-known lowest Landau level approximation for the fermion propagator that 
we can obtain by truncating the expansion of the propagator over the Landau levels to the 
dominant term [|l^. We will take the same limit \eB\ -^ 00 in the expressions ([12D and (^) 
to find the asymptotic form of n*^^. We note that the polarization tensor does not contain 
divergences in the limit \eB\ -^ 00, the magnetic field playing the role of a cut-off for the 
momenta. This is due to the exponential decrease of the transverse degrees of freedom as can 
be seen in (^). Therefore we will not consider any contact term here. 

The temperature-independent part (p!2D reads in the strong field limit {u -^ 00) 



n°(A^) 



a\eB\ 
Atx Jo 



du / dve 2|esi 



-u[m''+ 



2 I l-v^ I. .2 I l2 



(<+fci)l 



X {^\ [(1 - t;)e-"(^-'') + (1 + t;)e-"(^+")] + kl(\ - v")] 



a\eB\ „ Jil /■! , 

— -e 2FsT / dv 

47r J-\ 



v')kl 



TTl^ 



1-1)2 



iu^' + kV 



+ 



k' 



\eB\ 



(34) 



4 ^"n ' '■'3/ 

The integration over v of the dominant term leads then to the following expression that was 



already derived in ||16[ where the authors started the computation with the propagator 



n°(fc)^-^|ei?||e 



TT 



2m^ 



y/A;J(4m2 + 



:ln 



where kj = u!^ + k^. 

For the temperature-dependent part (0), the limit u 
variable u -^ u/\eB\ leads to the dominant term 



/4m2 + kj + Jkf^ 



I Am? + k? 



(35) 



00 followed by the change of 



Kik) 



a \eB? _J!j_ f°^ du r^ 

J Lg 2|.B' 



/ ^ t/we "4|.B| y _iy+i/V^l^cos7rn/ 1-f 36 

JO W^ J-l ^ 



27r T2 
where /x^(f ) = Am? + (1 — v'^)k}i. We recognize here the Bessel function Ki since 



9 



du 
where we defined 



r ^e— ^ = f- r cine-(-+^)^ = 2,/?ir,(2v/^) (37) 

Jo w' V JO V 6 






The temperature-dependent part can finaly be written 



Ulik) ^ -^\eB\e-Al^i-iy^^ JW-^K, (^^) cosnnlil-v) (39) 

We will see in the conclusion that the previous sum and integrals can be evaluated for the 



computation of the Debye screening in the regime where ni «T « J\eB\. 

Conclusion: Debye screening in a magnetic field 

To conclude, we look in more details at the Debye screening obtained in this computation. 
From equation (^3]), we find for the Debye mass 



M^iT) = - Jim UUk) = ^ r ^ cothlle— ^ ^-^Y^'^'e-^ (40) 



The zero-magnetic field limit is 

a r°° du 

^ (J,IIL 

For given values of \eB\ and m, in figure |I] we compare the ratios M?m/\eB\ and M?m^Q/\eB\ 



^NBN„(r) = ^f ^e—'El-D'^'Vi^ (41) 



as functions of T/J\eB\, such that all the dimensionful quantities are rescaled in units of the 
magnetic field {[eB] = 2). For high temperatures the curves converge towards the result (p!7|) 



(rescaled by \eB\) since m << T and J\eB\ << T, but for strong magnetic field T << J\eB\, 
a strong Debye sceening is generated compared to the one without external field. As long as the 
temperature remains greater than the fermion mass, the Debye screening follows a plateau when 
the temperature decreases. We note that if we had m = 0, the limit of the Debye screening 
when T ^ would be (after the change of variable u — » u/T"^ in (^01)) 



a\eB\ 1-°° du ,r^, .x;^i,9 i^ 



liinM,J.,„..(T) ^ ^/;-|:(-i)«, 

/■oo 

\eB\ / dxy]{-lY+H 

^0 l>l 



4a, „,/--, ^. ^^i+iT^-xi 

7T ' 

4a 



l+l„-xl 



— |efi|limy(-l)'+^e 
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Figure 1: Mlj^J\eB\ and M.^^, o/|e5| versus T/J\eB\ for a = .001 and m/J\eB\ = .1 



4a 

— \eB\ lim 

2"i Rl 

TT 



1- 



(42) 



But when T < m the fermion mass forces the screening to vanish with the temperature, so that 
the value 



121) of the plateau is valid only ifm << T << J\eB\. 
We note that a more unexpected behaviour has been observed in QED^ at finite tem- 
perature in an external magnetic field |^ : M?^, first increases when the temperature decreases 



(in the region T << J\eB\), reaches a maximum when T c:^ m and then decreases to when 
T^O. 

These behaviours of the Debye screening are a consequence of the dimensional reduction 
of the fermion dynamics in a strong magnetic field, as can be seen with the propagator (|33D . 

To conclude, we note again the consistency between the necessity to have a massive 
fermion to obtain the good zero temperature limits (as long as \eB\ > 0) and the occurence of 
the magnetic catalysis which generates dynamically this mass. 
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